We present a comparison of numerical results in strongly expanding hypersonic flows that have been obtained using state-to-state and macroscopic thermochemical models. The macroscopic model, which includes direct cross coupling between chemical and vibrational relaxation, has been derived directly from the state-to-state kinetic rates. This makes the comparison the most consistent possible, as differences cannot be ascribed to original discrepancies in the used rates. The comparison is conducted in a N2-N system using the test conditions of the EAST facility nozzle experiment, for which experimental data are available. 
Symbols Ω i generic production rate ρ total-mass density ξ i generic variable in non-equilibrium conditions, per unit mass I. Introduction I n supersonic and hypersonic flows thermal and chemical non-equilibrium is one of the fundamental aspects that must be taken into account. The commonly used approach is the multi-temperature approach that assigns a different temperature to each degree of freedom in non-equilibrium within the gas and requires the integration of a relaxation equation for each temperature. 1, 2 In last years the state-to-state approach, commonly used in weakly ionized gas modelling, [3] [4] [5] has been applied to hypersonic gas dynamics. [6] [7] [8] [9] [10] It consists in solving the balance equation for all the internal states of the degree of freedom (usually vibration) that is not in equilibrium. The internal (vibrational) temperatures obtained by state-to-state calculations and related to the first energy levels reproduce the results obtained by macroscopic models. On the other hand, the chemical rate coefficients, which in the state-to-state approach are calculated as the mean value of the state-to-state rates weighted over the internal distribution, are very different. In multi-temperature models, the rate coefficients are calculated following the Arrhenius trend with a temperature that is the weighted geometrical mean of the temperatures involved in the process (Park model 1 ), or using coupling functions that also depend on the involved temperatures (CVD models 11, 12 ). In the state-to state approach, rates are influenced by the vibrational distributions; in case of strong departures from the Boltzmann distribution, with strongly overpopulated tails, 6-10 the rate coefficients do not follow the Arrhenius law, showing in some cases an opposite trend. 10 A first attempt to build new macroscopic models has been studied in Ref. 13 , where chemical rates were considered as not dependant on the vibrational temperature, but on other parameters, such as the gas composition. The most difficult problem in state-to-state modelling is the lack of kinetic data (rates for selected states). To complete the data set, the ladder climbing model is often used 9, 10 that estimates the chemical rates from available data. Some efforts has been done to calculate the complete rate set, in particular for nitrogen dissociation by atom 14 and by molecule 15 collisions. A comparison between state-to-state and macroscopic models has been performed in the past for shock waves 16 and in nozzle expansion. 17 In the first case the considered temperature was too low to account for dissociation, and only internal processes were effective. In both papers the macroscopic models were taken from the traditional Park model. 1 This fact creates an inconsistency with the rates used in the state-to-state approach and it could be ascribed to as one possible source of differences in the results. In the present paper the macroscopic model has been derived directly from the state-to-state kinetics. This makes the comparison of the results obtained using the two approaches the most consistent possible. The models will be applied to the N 2 -N system, using also new data sets as calculated in Refs. 14 and 15.
II. Governing equations
Since the interest is concentrated on the application of different thermochemical kinetics models to the flow inside hypersonic nozzles, the choice of a quasi-one-dimensional inviscid model for fluid dynamics is deemed to be appropriate.
When written in integral conservation form, the quasi-one-dimensional Euler equations read like
Mass and vibrational energy balance equations for the chemical species that form the gas mixture are then added to the system in case the macroscopic non-equilibrium models are used. Otherwise, if the stateto-state chemistry approach is adopted, a balance equation must be added for each internal energy level considered for any species in the mixture. The final system of partial differential equations is thus composed of the three Euler equations plus of a number of balance equations that depends on the composition of the considered gas mixture and on the used non-equilibrium model. Indicating with ξ i a generic quantity (per unit mass) in non-equilibrium conditions, the additional differential equations, written in conservation form, are ∂ ∂t
For instance, in the N 2 -N system considered here, the number of equations hidden in Eq. (2) is equal to two using the macroscopic models, but it raises up to 67 when the state-to-state approach is adopted. In Eq. (1c), E is the total energy per unit volume. Rotational and translation energy are assumed to be fully excited and in equilibrium. The contribution of electron-electronic energy is neglected. Standard thermodynamic relations are used to close the equation system.
III. Thermochemical model

III.A. State-to-state Kinetics
The state-to-state kinetics of N 2 -N gas mixtures includes internal transition processes
and dissociation-recombination reactions
The definition of rate data set for the state-to-state kinetics is an issue needing further investigation, especially in the high-temperature regime.
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Here, the energy of each vibrational level is calculated as in Refs. 14 and 21 using Eq. (5), 22 whose coefficients are given in the second column ("new") of Table 1 . The use of such a model brings to a total of 67 vibrational levels for N 2 .
E vib (ξ) = ω e ξ − ω e x e ξ 2 + ω e y e ξ 3 + ω e z e ξ 4 (5a) Such a model supports 47 vibrational levels, so that the "new" and the "old" level schemes must be correlated. To this purpose, we define the vibrational quantum number v' that has to be used in the rate function as the solution of the following equation (Eq. (6)):
In Eq. (6), subscripts "new" and "old" refer to the coefficients listed in Table 1 The state-selective recombination is calculated applying the detailed balance principle defined in Eq. (7):
where the equilibrium constant is calculated as ln K eq = 20.802708 − 113.80656 1000 T 0.998746
We also used a new approach to evaluate molecule-molecule dissociation/recombination processes [drm] . In particular, we use the same functional dependence from T and v that we adopt for molecule-atom dissociation processes [da], but we normalize the rate to the thermal function following the Shatalov model, 19, 29 which gives a relation between dissociation rates by atomic and molecular collisions (see Eq. (9)). Concerning the dissociation process by atom collisions, we determined the macroscopic rates summing over a Boltzmann distribution as in Eq. (10)
The obtained function has been fitted in the form of Eq. (11), whose coefficients are in given in Table 2 . The corresponding recombination rate is calculated summing over the vibrational states as in Eq. (12). The detailed balance holds also for the global rates and this last equation is used to calculate the global recombination rates.
It must also be considered that the energy released in recombination, as well as that lost in dissociation, is distributed not homogeneously throughout the vibrational ladder. From state-to-state data, the energy lost from vibration due to dissociation or gained by vibration due to recombination can be calculated as
The energy rates R d and R r depend on T and T v . They have been fitted as in Eq. (14)
whose coefficients are given in Table 3 . The quantityε vib (T v ) that appears in Eq. (14) is the mean vibrational energy corresponding to a given vibrational temperature T v . In this paper we calculate such a quantity considering the anharmonic vibrational ladder equation, which is provided as an analytical function in Eq. (15) and whose coefficients are given in table Table 4 . On the other hand, the energy rate due to recombination depends only on the gas temperature
For molecule-molecule energy dissociation-recombination rates, Eq. (9) must be used. 
IV. Numerical method
Governing equations are discretized in space according to a cell-centered finite volumes approximation and they are integrated in time using a forward explicit method for the convected fluxes and an implicit method for the chemical source terms (see the following subsections).
Fluxes at cell interfaces are evaluated using an upwind Flux-Difference Splitting (FDS) Riemann solver of the Osher family.
32 Upwind methods present the appealing feature of introducing the elements of the wave propagation phenomenology in the integration of the conservation laws.
Second order accuracy in space and time is achieved following the guidelines of the Essentially Non Oscillatory schemes for shock capturing techniques, 33 which are capable of avoiding spurious oscillations at flow discontinuities.
IV.A. Implicit treatment of thermochemical source terms
IV.A.1. Macroscopic model
As it is common practice in the numerical simulation of high-temperature flows, thermochemical source terms are computed using an implicit scheme to improve the robustness of the numerical method:
In Eq. (17), W i are the elements of the conservative variables vector W = (ρ, ρu, E, ρξ i ). The resulting scheme is implicit in
The partial derivatives of the thermochemical production terms are evaluated numerically using forward first order differences.
IV.A.2. State-to-state chemistry
For state-to-state kinetics, the evaluation of the production terms Ω sts i is rather time consuming as a large number of processes are involved:
The index p refers to the individual processes and the subscripts "rea" and "pro" indicate reactants and products within a specific process. For a N 2 -N mixture, the number of processes which are contained in each "generalized" process described in Eqs. (3)- (4) is listed in Table 6 . Note that using the macroscopic Table 6 . Number of processes for each "generalized" process.
[ Since the number of chemical "species" and chemical processes involved is extremely large, a direct numerical evaluation of the Jacobian matrix of the chemical source terms is prohibitive. To save computing time, we evaluate the Jacobian matrix in a mixed analytical/numerical way. In particular, we split the Jacobian in two parts that are evidenced by the square brackets in Eq. (19)
where Π rea,pro is a short to indicate the products that appear in the law of mass action. The derivatives ∂T ∂Wj are evaluated analytically once for each cell. The derivative
∂T is different for each "generalized" process, but it does not depend on the particular vibrational level and we compute it numerically. The derivatives ∂Πrea,pro ∂Wj are simple functions of the partial densities ρα j only and are computed analytically.
V. Numerical results
V.A. Considered test cases
We present some numerical results in which we try to reproduce one of the experiments conducted in the NASA Ames EAST facility nozzle by Sharma, Gillespie et alii. 34, 35 The stagnation conditions for the considered experiment are defined in Table 7 . It corresponds to case B of Ref. 36 . The nozzle extension Table 7 . Stagnation conditions used in the simulation of the EAST nozzle experiments
6.164 0.9941 0.0059 0.9883 0.0117 is discretized using 108 equally spaced cells, each with a 1 millimeter span. Numerical experiments with a doubly refined grid (216 cells) showed that the solution is already grid-converged using the coarsest mesh. The total extension of the nozzle is 108 mm, with the throat at 2.5 cm from the stagnation chamber and a throat section per unit width of 64 mm. Details about the nozzle geometry and experimental setup are available in Refs. 34-35.
V.B. Models comparison
As usual, the results of the state-to-state model are characterized by a strong freezing of the distributions tails to values larger than those predicted by the Boltzmannn distribution (Fig. 1) . The freezing starts before the throat and induces a slightly faster recombination, as shown by Fig. 2a . In this particular test case, the differences between the state-to-state and the macroscopic models are very scarce. This can be partly due to the consistency that exists between the two models. Other computations (not shown here because just preliminary) performed by the authors on the same test case using a recent version 37 of the Park model produced a definitely larger discrepancy with respect to our state-to-state results, in particular on the vibrational temperature level. Here, the results obtained using the state-to-state and the macroscopic approach are definitely close one to each other (Fig. 2) . The only significative difference is in the recombination of the atomic nitrogen N, which may be due to the tails freezing mechanism. Note that the macroscopic model incorporates a chemistry-to-vibration mechanism that should enhance the recombination rate in the present experimental conditions. However, such a model is based on the hypothesis of a Boltzmann distribution for the vibrational energy levels and it does not account for deviation from it. Since the amount of dissociation in the present experiment is very small, further computations will be carried out in the next future considering stagnation conditions capable of producing a larger amount of atomic nitrogen. If, in those cases also, the recombination processes were more pronounced using the state-to-state model rather than the macroscopic model, this would be a proof that macroscopic models should incorporate some mechanism to account for the the freezing of the population tails in strongly expanding flows. With respect to the experimental data, which contain information about the vibrational temperature distribution along the nozzle, the present results are in very good agreement as far as the roto-traslational temperature is concerned, but they underestimate the value of the vibrational temperature. In Fig. 2b , we can see a ratio T v N2 /T o approximatively equal to 0.51-0.52, while experimental data measure values of about 0.58-0.6. Other models, both state-to-state and macroscopic, 36 provide a definitely better agreement, though it must be put in evidence that at least part of them was tuned on this particuar experiment.
VI. Conclusions
The comparison of the results obtained using an advanced state-to-state model and a macroscopic model which was consistently obtained on the basis of the state-to-state kinetics has shown a very good agreement. Nevertheless, the number of numerical experiments which have been carried out up to now is very limited and more verifications should be made, in particular in conditions where the amount of dissociation is large. Indeed, the latter appears to be the situation where macroscopic and state-to-state model should show the largest discrepancies due to the freezing the the vibrational population tails that cannot be accounted for in macroscopic models and that could influence macroscopic recombination rates. If, as it already transpires, deviations from the Boltzmannn distribution are important for determining the non-equilibrium dissociation/recombination rates in strongly expanding hypersonic flows, new macroscopic models should be devised where the effects of a non-Boltzmann distribution are accounted for in a consistent way and not just tuned on particular experimental results. 
